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Let An be the class of analytic functions f,
fðzÞ ¼ zþ
X1
m¼n
amþ1z
mþ1; nP 1; ð1:1Þ
which are analytic in the unit disc E ¼ fz : jzj < 1g. We shall
need the following known classes (Noor, 2008) in our discus-
sion. Let, for 0 6 c; b < 1,o.com
y. Production and hosting by
Saud University.
lsevierpðzÞ ¼ 1þ
X1
m¼n
amz
m; z 2 E; ð1:2Þ
we have,
Pðc; nÞ ¼ fp : p is analytic in E; given by ð1:2Þ; RepðzÞ > cg
Sðc; nÞ ¼ f : f 2 An and zf
0
f
2 Pðc; nÞ
 
Cðc; nÞ ¼ f : f 2 An and 1þ zf
00
f0
 
2 Pðc; nÞ
 
:
It is clear that
f 2 Cðc; nÞ () zf0 2 Sðc; nÞ: ð1:3Þ
For n ¼ 1, these classes have been introduced by Robertson
(1963).
Kðb; cÞ ¼ f : f 2 An and zf
0
g
2 Pðb; nÞ for some g 2 Sðc; nÞ
 
Cðb; cÞ ¼ f : f 2 An and ðzf
0Þ0
g0
2 Pðb; nÞ for some g 2 Cðc; nÞ
 
:
We note here that
f 2 Cðb; cÞ () zf0 2 Kðb; cÞ: ð1:4Þ
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Now, we have the deﬁnition of following classes for kP 2,
Pkðc; nÞ ¼ p : pðzÞ ¼ k
4
þ 1
2
 
p1ðzÞ 
k
4
 1
2
 
p2ðzÞ;

p1; p2 2 Pðc; nÞg
P0kðc; nÞ ¼ fp : p0 2 Pkðc; nÞg
Vkðc; nÞ ¼ f : f 2 An and 1þ zf
00
f0
 
2 Pkðc; nÞ
 
Rkðc; nÞ ¼ f : f 2 An and zf
0
f
2 Pkðc; nÞ
 
:
We note that P2ðc; nÞ ¼ Pðc; nÞ. The class Pkð0; 1Þ ¼ Pk was
introduced and discussed by Pinchuk (1971), where he deﬁned
it as follows:
Pk ¼ p : pðzÞ ¼ 1
2
Z p
p
1þ zeit
1 zeit dlðtÞ;


Z p
p
dlðtÞ ¼ 2;
Z p
p
dlðtÞj j 6 k

:
It is easy to see that
Pkðc; nÞ ¼ ð1 cÞPkð0; nÞ þ c
and P2ð0; 1Þ ¼ P is the class of functions with positive real
part. It is clear that
f 2 Vkðc; nÞ () zf0 2 Rkðc; nÞ: ð1:5Þ
The classes Vkð0; 1Þ ¼ Vk and Rkð0; 1Þ ¼ Rk are the well-
known classes of functions with bounded boundary rotation
and bounded radius rotation, respectively.
Let fjðzÞ; j ¼ 1; 2 in An be given by
fjðzÞ ¼ zþ
X1
m¼n
amþ1;jz
mþ1; nP 1; z 2 E:
Then the Hadamard product or convolution ðf1  f2ÞðzÞ of
f1 and f2 is deﬁned by
ðf1  f2ÞðzÞ ¼ zþ
X1
m¼n
amþ1;1amþ1;2z
mþ1; nP 1; z 2 E: ð1:6Þ
By using the Hadamard product, we deﬁne the well-known
Ruscheweyh derivative (see Rucheweyh, 1975) as following.
Denote by Da : An ! An the operator deﬁned by
DafðzÞ ¼ z
n
ð1 zÞ1þa  fðzÞ; a > 1:
For a ¼ m 2 N0 ¼ f0; 1; 2 . . .g, we can write
DmfðzÞ ¼ zð1 zÞ1þm  fðzÞ ¼
zðzm1fðzÞÞðmÞ
m!
:
Also, for Ruscheweyh derivative Da, the following identity is
known (see Fukui and Sakaguchi, 1980).
For a real number aða > 1Þ, we have
zðDafðzÞÞ0 ¼ ðaþ 1ÞDaþ1fðzÞ  aDafðzÞ: ð1:7Þ
Recently, the Ruscheweyh derivative has been studied in Noor
and Hussain (2008).
We now have the following classes which have been intro-
duced and studied in Noor (1991), for the case n ¼ 1,Saðc; nÞ ¼ ff 2 An : Daf 2 Sðc; nÞ; a > 1; z 2 Eg
Caðc; nÞ ¼ ff 2 An : Daf 2 Cðc; nÞ; a > 1; z 2 Eg
Kaðb; cÞ ¼ ff 2 An : Daf 2 Kðb; cÞ; a > 1; z 2 Eg
and
Caðb; cÞ ¼ ff 2 An : Daf 2 Cðb; cÞ; a > 1; z 2 Eg:2. Preliminary results
The following lemmas will be used.
Lemma 2.1. Let h 2 Pð0; nÞ ¼ Pn for z 2 E. Then
(i) h
0ðzÞ
hðzÞ
  6 2njzjn1
1jzj2n
(ii) jzh0ðzÞj 6 2njzjnRehðzÞ
1jzj2n
(iii) 1jzj
n
1þjzjn 6 RehðzÞ 6 jhðzÞj 6 1þjzj
n
1jzjn.
For (i) we refer to MacGraw (1963), (ii) will be found in Ber-
nardi (1974) and for (iii) (see Shah, 1972).
The following Lemma can easily be shown by using Lemma
2.1.
Lemma 2.2. Let p 2 Pðc; nÞ for z ¼ reih 2 E. Then
1þ ð2c 1Þrn
1þ rn 6 RepðzÞ 6 jpðzÞj 6
1 ð2c 1Þrn
1 rn
and
jzp0ðzÞj 6 2nð1 cÞr
nRepðzÞ
ð1 rnÞ½1þ ð1 2cÞrn :3. Main results
Theorem 3.1. Let f; g 2 An and let f0g0 2 Pn, where g 2 Vkðc; nÞ.
Then f 2 Vkðc; nÞ for jzj < r0, where
rn0 ¼ rn0ðc; nÞ ¼
1 c
ðn cþ 1Þ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n2  2cnþ 2n
p : ð3:1Þ
This result is sharp.
Proof. We can write
f0ðzÞ ¼ g0ðzÞhðzÞ; where g 2 Vkðc; nÞ; h 2 Pn; z 2 E:
Logarithmic differentiation yields,
ðzf0ðzÞÞ0
f0ðzÞ ¼
ðzg0ðzÞÞ0
g0ðzÞ þ
zh0ðzÞ
hðzÞ ¼ HðzÞ þ
zh0ðzÞ
hðzÞ ; h 2 Pkðc; nÞ
¼ k
4
þ 1
2
 
fð1 cÞH1ðzÞ þ cg
 k
4
 1
2
 
fð1 cÞH2ðzÞ þ cg þ zh
0ðzÞ
hðzÞ ;
where Hi 2 Pn; i ¼ 1; 2.
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1
1 c
ðzf0ðzÞÞ0
f0ðzÞ  c
 
¼ k
4
þ 1
2
 
H1ðzÞ þ 1
1 c
zh0ðzÞ
hðzÞ
 
 k
4
 1
2
 
H2ðzÞ þ 1
1 c
zh0ðzÞ
hðzÞ
 
:
Now, for i ¼ 1; 2, we use Lemma 2.1, with jzj ¼ r, to have
Re HiðzÞþ 1
1 c
zh0ðzÞ
hðzÞ
 
PReHiðzÞ 1
1 c
zh0ðzÞ
hðzÞ


P
1 rn
1þ rn
1
ð1 cÞ
2nrn
ð1 r2nÞ
¼ ð1 cÞð1 r
nÞ2 2crn
ð1 cÞð1 r2nÞ
¼ ð1 cÞ 2ðn cþ 1Þr
nþð1 cÞr2n
ð1 cÞð1 r2nÞ :
Therefore, for jzj < r0 where r0 is as stated in (3.1),
Re HiðzÞ þ 1
1 c
zh0ðzÞ
hðzÞ
 
> 0:
This implies that
1
1 c
ðzf0ðzÞÞ0
f0ðzÞ  c
 
2 Pkð0; nÞ for jzj < r0;
which leads us to the required result that f 2 Vkðc; nÞ for
jzj < r0, where r0 is as given in (3.1).
Sharpness can be seen by taking
HiðzÞ ¼ hðzÞ ¼ 1 z
n
1þ zn 2 Pn: 
Theorem 3.2. Let f; g 2 An and g 2 P02ðc; nÞ ¼ P0ðc; nÞ in E. If
f0
g0 2 Pðc; nÞ, then f 2 V2ð0; nÞ for jzj < r1 where r1 is given by
rn1 ¼
1
2nð1 cÞ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4n2ð1 cÞ2 þ 1
q : ð3:2Þ
This result is also sharp.
Proof
Let
f0ðzÞ
g0ðzÞ ¼ hðzÞ; where h 2 Pðc; nÞ:
Then
f00ðzÞ
f0ðzÞ ¼
h0ðzÞ
hðzÞ þ
g00ðzÞ
g0ðzÞ :
That is
ðzf0ðzÞÞ0
f0ðzÞ ¼
zh0ðzÞ
hðzÞ þ
zp0ðzÞ
pðzÞ þ 1; where g
0 ¼ p 2 Pðc; nÞ in E:
Now, using Lemma 2.2, we have
Re
ðzf0ðzÞÞ0
f0ðzÞ P 1
4nð1 cÞrn
ð1 rnÞð1þ rnÞ
¼ 1 4nð1 cÞr
n  r2n
1 r2n : ð3:3ÞThe right hand side of the above inequality (3.3) is positive for
jzj < r1, where r1 is given by (3.2).
The sharpness can seen by considering
gðzÞ ¼
Z z
0
1 ð2c 1Þtn
1 tn
 
dt;
hðzÞ ¼ 1 ð2c 1Þz
n
1 zn
and
fðzÞ ¼
Z z
0
1 ð2c 1Þtn
1 tn
 2
dt:
The inclusion results for the classes Saðc; nÞ; Caðc; nÞ; Kaðb; cÞ
and Caðb; cÞ, with n ¼ 1, have been studied by Noor (1991).
We here deal with the converse case in general. h
Theorem 3.3. Let f 2 Saðc; nÞ; aP 0. Then f 2 Saþ1ðc; nÞ for
jzj < r0ða; cÞ is given as
rn0 ¼ rn0ða; cÞ
¼ 1þ a
ð1 cþ nÞ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1 cþ nÞ2  ð1þ aÞð1 2c aÞ
q :
ð3:4Þ
Proof. Since f 2 Saðc; nÞ, so we can write it as
ðzDafðzÞÞ0
DafðzÞ ¼ HðzÞ ¼ ð1 cÞhðzÞ þ c;
where H 2 Pðc; nÞ and so h 2 Pð0; nÞ ¼ Pn. Now using (1.7),
we have
Daþ1fðzÞ
DafðzÞ ¼
1
1þ a
ðzDafðzÞÞ0
DafðzÞ þ a
 
¼ 1
1þ a fð1 cÞhðzÞ þ cþ ag:
Differentiating both sides logarithmically, we have
zðDaþ1fðzÞÞ0
Daþ1fðzÞ ¼
ðzDafðzÞÞ0
DafðzÞ þ
ð1 cÞzh0ðzÞ
ð1 cÞhðzÞ þ cþ a
¼ ð1 cÞhðzÞ þ cþ ð1 cÞzh
0ðzÞ
ð1 cÞhðzÞ þ cþ a ;
or
1
1 c
zðDaþ1fðzÞÞ0
Daþ1fðzÞ  c
 
¼ hðzÞ þ zh
0ðzÞ
ð1 cÞhðzÞ þ cþ a :
Therefore,
Re
1
1 c
zðDaþ1fðzÞÞ0
Daþ1fðzÞ  c
  
¼ Re hðzÞ þ zh
0ðzÞ
ð1 cÞhðzÞ þ cþ a
 
:
By using Lemma 2.1 for jzj ¼ r < 1, we have
Re
1
1 c
zðDaþ1fðzÞÞ0
Daþ1fðzÞ  c
  
P RehðzÞ 1 2nr
n
1r2n
ð1cÞ 1rn
1þrnð Þþcþa
8<
:
9=
;
¼ RehðzÞ ð1þ aÞ  2ð1 cþ nÞr
n þ ð1 2c aÞr2n
ð1þ aÞ  2ð1 cÞrn þ ð1 2c aÞr2n
 
:
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and so is given by (3.4).
As a special case, when a ¼ 0; n ¼ 1 and c ¼ 0, we obtain
the radius of convexity 2 ﬃﬃﬃ3p for starlike functions. h
Theorem 3.4. Let for aP 0; f 2 Caðc; nÞ in E. Then
f 2 Caþ1ðc; nÞ for jzj < r0 ¼ r0ða; cÞ, where r0 is given by (3.4).
Proof. By using the deﬁnition of Caðc; nÞ, we have
f 2 Caðc; nÞ () Daf 2 Cðc; nÞ in E:
() zðDafÞ0 2 Sðc; nÞ in E:
() Daðzf0Þ 2 Sðc; nÞ in E:
() zf0 2 Saþ1ðc; nÞ in jzj < r0:
() Daþ1ðzf0Þ 2 Sðc; nÞ in jzj < r0:
() zðDaþ1fÞ0 2 Sðc; nÞ in jzj < r0:
() Daþ1f 2 Cðc; nÞ in jzj < r0:
() f 2 Caþ1ðc; nÞ in jzj < r0;
which is the required result. h
Theorem 3.5. Let for aP 0; f 2 Kaðb; cÞ in E. Then
f 2 Kaþ1ðb; cÞ for jzj < r0 ¼ r0ða; cÞ, where r0 is given by (3.4).
Proof. Since f 2 Kaðb; cÞ, there exists g 2 Sðc; nÞ such that
zðDafðzÞÞ0
DagðzÞ ¼ ð1 bÞhðzÞ þ b; h 2 Pð0; nÞ: ð3:5Þ
Also, since g 2 Sðc; nÞ, we can write
zðDagðzÞÞ0
DagðzÞ ¼ ð1 cÞHðzÞ þ c; H 2 Pð0; nÞ: ð3:6Þ
Using (1.7), we have
zðDaþ1fðzÞÞ0
Daþ1gðzÞ ¼
Daþ1ðzf0ðzÞÞ
Daþ1gðzÞ ¼
1
1þa zðDaðzf0ðzÞÞÞ0 þ a1þaDaðzf0ðzÞÞ
1
1þa zðDagðzÞÞ0 þ a1þaDagðzÞ
¼
zðDaðzf0ðzÞÞÞ0
DagðzÞ þ a D
aðzf0 ðzÞÞ
DagðzÞ
zðDagðzÞÞ0
DagðzÞ þ a
:
By using (3.5) and (3.6), we have
zðDaþ1fðzÞÞ0
Daþ1gðzÞ ¼
zðDaðzf0ðzÞÞÞ0
DagðzÞ þ afð1 bÞhðzÞ þ bg
ð1 cÞHðzÞ þ cþ a : ð3:7Þ
From (3.5), we have
zðDafðzÞÞ0 ¼ DagðzÞfð1 bÞhðzÞ þ bg:
Differentiating both sides, we have
zðzðDafðzÞÞ0Þ0 ¼ ð1 bÞzh0ðzÞðDagðzÞÞ þ ðDagðzÞÞ0fð1 bÞhðzÞ þ bg:That is,
zðDaðzfðzÞÞ0Þ0
DagðzÞ ¼ ð1 bÞzh
0ðzÞ þ fð1 cÞHðzÞ þ cgfð1 bÞhðzÞ þ bg:
ð3:8Þ
Using (3.8) in (3.7), we obtain
1
1 b
zðDaþ1fðzÞÞ0
Daþ1gðzÞ  b
  
¼ hðzÞ þ zh
0ðzÞ
ð1 cÞHðzÞ þ cþ a
 
:
Now
Re
1
1 b
zðDaþ1fðzÞÞ0
Daþ1fðzÞ  b
  
¼ RehðzÞ 1
2nrn
1rn
ð1 cÞ 1rn
1þrn þ cþ a
( )
:
We note that right hand side is positive for jzj < r0 ¼ r0ða; cÞ
given by (3.4) and also g 2 Saðc; nÞ for jzj < r0. Hence
f 2 Kaþ1ðb; cÞ for jzj < r0. h
As a special case, when a ¼ 0; b ¼ 0; c ¼ 0 and n ¼ 1, we
obtain the radius of quasi-convexity 2 ﬃﬃﬃ3p for close-to-con-
vex functions.
Using the same method as in Theorem 3.4 with the relation
(1.4), we can easily prove the following result.
Theorem 3.6. Let f 2 Caðb; cÞ for aP 0, z 2 E. Then
f 2 Caþ1ðb; cÞ for jzj < r0 ¼ r0ða; cÞ, where r0 is given by (3.4).References
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